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Exercise 1 Solve the Cauchy problemut = uxx x ∈ R, t > 0u(x, 0) = sin x x ∈ R (1)
then use formula (Hs) to infer the integration formula∫ +∞
−∞
e−s
2
cos(as)ds =
√
pi e−a
2/4, ∀a ∈ R
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
Use sin(α + β) = sinα cos β + cosα sin β so that the integrand is
e−s
2
sin(x+ 2s
√
t) = e−s
2
(
sinx cos(2s
√
t) + cos x sin(2s
√
t)
)
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
sin(x+ 2s
√
t)ds
Use sin(α + β) = sinα cos β + cosα sin β so that the integrand is
e−s
2
sin(x+ 2s
√
t) = e−s
2
(
sinx cos(2s
√
t) + cos x sin(2s
√
t)
)
then observe that s 7→ e−s2 cosx sin(2s√t) is odd, thus
u(x, t) =
sinx√
pi
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds
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So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
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So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
But we now that ut = uxx must hold and on the other side
ut =
sinx√
pi
y′(t), uxx = −sinx√
pi
y(t)
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So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
But we now that ut = uxx must hold and on the other side
ut =
sinx√
pi
y′(t), uxx = −sinx√
pi
y(t)
We have shown that y(t) =
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds solves the initial
value problem y′(t) = −y(t)y(0) = √pi
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So up to now we know that solution of (1) has the form
u(x, t) =
sinx√
pi
y(t)
But we now that ut = uxx must hold and on the other side
ut =
sinx√
pi
y′(t), uxx = −sinx√
pi
y(t)
We have shown that y(t) =
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds solves the initial
value problem y′(t) = −y(t)y(0) = √pi
therefore y(t) =
√
pie−t and then u(x, t) = sin xe−t
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Exercise 2 Solve the Cauchy problemy′ = −y + xy3y(1) = 2 (2)
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Exercise 2 Solve the Cauchy problemy′ = −y + xy3y(1) = 2 (2)
Bernoulli’s equation: we seek for a solution of the form y(x) = c(x)eA(x)
being c(x) a function to be determinated and A(x) =
∫ x
1
(−1)dz =
1− x
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So our candidate solution is y(x) = c(x)e1−x and we evaluate
y′ + y − xy3
obtaining
e1−xc′(x)− e3−3xxc3(x)
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So our candidate solution is y(x) = c(x)e1−x and we evaluate
y′ + y − xy3
obtaining
e1−xc′(x)− e3−3xxc3(x)
Equating to zero and solving with respect to c′(x) we get the separable
equation for c(x)
c′(x) = e2−2xxc3(x) (2b)
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So our candidate solution is y(x) = c(x)e1−x and we evaluate
y′ + y − xy3
obtaining
e1−xc′(x)− e3−3xxc3(x)
Equating to zero and solving with respect to c′(x) we get the separable
equation for c(x)
c′(x) = e2−2xxc3(x) (2b)
to associate the proper initial condition at (2b) recall form (2) that
y(1) = 2 and that y(1) = c(1)e0 = c(1)
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c′(x) = e2−2xxc3(x)c(1) = 2 =⇒
∫ c
2
1
z3
dz =
∫ x
1
se2−2sds (2b1)
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c′(x) = e2−2xxc3(x)c(1) = 2 =⇒
∫ c
2
1
z3
dz =
∫ x
1
se2−2sds (2b1)
1
8
− 1
2c2
=
3
4
− 1
4
e2−2x(2x+ 1)
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c′(x) = e2−2xxc3(x)c(1) = 2 =⇒
∫ c
2
1
z3
dz =
∫ x
1
se2−2sds (2b1)
1
8
− 1
2c2
=
3
4
− 1
4
e2−2x(2x+ 1)
c2 =
4e2x−2
4x+ 2− 5e2x−2
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c′(x) = e2−2xxc3(x)c(1) = 2 =⇒
∫ c
2
1
z3
dz =
∫ x
1
se2−2sds (2b1)
1
8
− 1
2c2
=
3
4
− 1
4
e2−2x(2x+ 1)
c2 =
4e2x−2
4x+ 2− 5e2x−2
conclusion
y(x) = e1−x
√
4e2x−2
4x+ 2− 5e2x−2
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Exercise 3 Find the Lebesgue measure of the set
A = {(x, y) ∈ R2 : |x|3 + |y|3 ≤ 1}
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`(A) = 4
∫ 1
0
(∫ (1−x3)1/3
0
dy
)
dx
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`(A) = 4
∫ 1
0
(∫ (1−x3)1/3
0
dy
)
dx = 4
∫ 1
0
(1− x3)1/3dx
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`(A) = 4
∫ 1
0
(∫ (1−x3)1/3
0
dy
)
dx = 4
∫ 1
0
(1− x3)1/3dx
x3 = s =⇒ dx = 1
3
s−2/3 =⇒ `(A) = 4
3
∫ 1
0
(1− s)1/3s−2/3ds
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3
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3
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3
=⇒ y = 1
3
then
10/16 Pi?
22333ML232
`(A) = 4
∫ 1
0
(∫ (1−x3)1/3
0
dy
)
dx = 4
∫ 1
0
(1− x3)1/3dx
x3 = s =⇒ dx = 1
3
s−2/3 =⇒ `(A) = 4
3
∫ 1
0
(1− s)1/3s−2/3ds
x− 1 = 1
3
=⇒ x = 4
3
, y − 1 = 2
3
=⇒ y = 1
3
then
`(A) =
4
3
B
(
4
3
,
1
3
)
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∫ 1
0
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0
dy
)
dx = 4
∫ 1
0
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∫ 1
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(1− s)1/3s−2/3ds
x− 1 = 1
3
=⇒ x = 4
3
, y − 1 = 2
3
=⇒ y = 1
3
then
`(A) =
4
3
B
(
4
3
,
1
3
)
=
4
3
Γ(43)Γ(
1
3)
Γ(53)
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`(A) = 4
∫ 1
0
(∫ (1−x3)1/3
0
dy
)
dx = 4
∫ 1
0
(1− x3)1/3dx
x3 = s =⇒ dx = 1
3
s−2/3 =⇒ `(A) = 4
3
∫ 1
0
(1− s)1/3s−2/3ds
x− 1 = 1
3
=⇒ x = 4
3
, y − 1 = 2
3
=⇒ y = 1
3
then
`(A) =
4
3
B
(
4
3
,
1
3
)
=
4
3
Γ(43)Γ(
1
3)
Γ(53)
but Γ(43) =
1
3Γ(
1
3), Γ(
5
3) =
2
3Γ(
2
3) thus `(A) =
2
3
Γ2( 13 )
Γ( 23 )
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we are not finished . . .
and so
Γ(
2
3
) =
2pi√
3
(
Γ(
1
3
)
)−1
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we are not finished . . .
Γ(
1
3
)Γ(
2
3
) =
pi
sin pi3
=
2pi√
3
and so
Γ(
2
3
) =
2pi√
3
(
Γ(
1
3
)
)−1
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we are not finished . . .
Γ(
1
3
)Γ(
2
3
) =
pi
sin pi3
=
2pi√
3
and so
Γ(
2
3
) =
2pi√
3
(
Γ(
1
3
)
)−1
conclusion
`(A) =
Γ3(13)
pi
√
3
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Exercise 4 Find the distance
d(X, Y ) := inf
x∈X,y∈Y
||x− y||
between Y = {(1, 1)} and X = {(x, y) ∈ R2 : x2 + xy + y2 = 1}
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Exercise 4 Find the distance
d(X, Y ) := inf
x∈X,y∈Y
||x− y||
between Y = {(1, 1)} and X = {(x, y) ∈ R2 : x2 + xy + y2 = 1}
Lagrangean L(x, y) = (x− 1)2 + (y − 1)2 −m(x2 + xy + y2 − 1)

2(−1 + x)−m(2x+ y) = 0
2(−1 + y)−m(x+ 2y) = 0
x2 + xy + y2 − 1 = 0
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Exercise 4 Find the distance
d(X, Y ) := inf
x∈X,y∈Y
||x− y||
between Y = {(1, 1)} and X = {(x, y) ∈ R2 : x2 + xy + y2 = 1}
Lagrangean L(x, y) = (x− 1)2 + (y − 1)2 −m(x2 + xy + y2 − 1)

2(−1 + x)−m(2x+ y) = 0
2(−1 + y)−m(x+ 2y) = 0
x2 + xy + y2 − 1 = 0
=⇒

x =
2
2− 3m
y =
2
2− 3m
12
(2− 3m)2 − 1 = 0
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It follows 2 − 3m = ±2√3 and x = y = ± 1√
3
the minimum iss
assumed for + and its value is
8
3
− 4√
3
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Exercise 5
A :=
{
(x, y) ∈ R2 : x2 + 2y2 ≤ 1} , f(x, y) = 1
1 + x2 + 2y2
. Evaluate:
I =
∫∫
A
f(x, y)dxdy
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Exercise 5
A :=
{
(x, y) ∈ R2 : x2 + 2y2 ≤ 1} , f(x, y) = 1
1 + x2 + 2y2
. Evaluate:
I =
∫∫
A
f(x, y)dxdy

x = ρ cosϑ
y =
1√
2
ρ sinϑ
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I = 1√
2
∫∫
]0,1]×[0,2pi[
ρ
1 + ρ2
dρdϑ
=
2pi√
2
∫ 1
0
ρ
1 + ρ2
dρ
=
2pi√
2
1
2
[
ln(1 + ρ2)
]1
0
=
pi ln 2√
2
.
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Exercise 6
Given A :=
{
(x, y) ∈ R2 : 1 ≤ x ≤ e, lnx
x
≤ y ≤ 1
x
}
evaluate:
I =
∫∫
A
exydxdy
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Exercise 6
Given A :=
{
(x, y) ∈ R2 : 1 ≤ x ≤ e, lnx
x
≤ y ≤ 1
x
}
evaluate:
I =
∫∫
A
exydxdy
I =
∫ e
1
(
∫ 1
x
ln x
x
exydy)dx =
∫ e
1
[
exy
x
]y= 1x
y= ln xx
dx
=
∫ e
1
(e
x
− 1
)
dx = [e lnx− x]e1 = 1.
